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Abstract
We consider the function f (t) defined by
f (t) = t log t − t + 1
log2 t
.
Firstly we shall show direct and simplified proofs of operator monotonicity of f (t) and its
dual function
f ∗(t) = t log
2 t
t log t − t + 1
without appealing of Löwner Theorem.
Then we shall show the following:
logA > logB ⇒ there exists β ∈]0, 1] such that f (Aα) > f (Bα) holds
for all α ∈ ]0, β[. (∗)
By using the result (∗), we summarize the following interesting contrast between A > B > 0
and A  B > 0.
A > B > 0 ⇒ there exists β ∈ ]0, 1] such that f (Aα) > f (Bα) holds
for all α ∈ ]0, β[. (†-i)
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A  B > 0 ⇒ f (Aα)  f (Bα) for all α ∈ ]0, 1]. (†-ii)
Finally we cite a counterexample related to (∗) as follows:
There exist stritly positive operators A and B such that logA  logB,
but f (Aα)  f (Bα) does not hold for any α > 0. (c-∗)
© 2002 Elsevier Science Inc. All rights reserved.
Keywords: Operator monotone function; Löwner–Heinz inequality
1. Introduction
A capital letter means a bounded linear operator on a complex Hilbert space H.
An operator T is said to be positive (denoted by T  0) if (T x, x)  0 for all x ∈ H
and an operator T is said to be strictly positive (denoted by T > 0) if T is positive
and invertible.
The strictly chaotic order is defined by logA > logB for strictly positive opera-
tors A and B.
It is cited in [6] that
f (t) = t log t − t + 1
log2 t
is an operator monotone function, and f (t) is widely used in the theory of heat
transfer of the heat engineering and fluid mechanics.
2. Two simplified proofs of operator monotonicity of f (t) = t log t−t+1
log2 t
and its
dual function f ∗(t) = t log2 t
t log t−t+1
We shall show a direct and simplified proof of the following known result without
use of the Löwner general result.
Theorem A.
f (t) = t log t − t + 1
log2 t
is an operator monotone function (f)
and
f ∗(t) = t log
2 t
t log t − t + 1 is also an operator monotone function. (f*)
Proof. Let A and B be strictly positive operators such that 1 
∈ σ(A), σ (B). We have
only to prove the following (i) and (ii):
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If A  B, then A logA− A+ I
log2 A
 B logB − B + I
log2 B
. (i)
If A  B, then A log
2 A
A logA− A+ I 
B log2 B
B logB − B + I . (ii)
First of all, we cite the following obvious results:
If T  0, then
T − T 1−k/n = (T 1/n − I )(T 1−1/n + T 1−2/n + · · · + T 1−k/n) (1)
for any natural number n and k such that 1  k  n.
lim
n→∞ n(T
1/n − I ) = log T holds for any T > 0. (2)
If A  B  0, then Aα  Bα holds for any α ∈ [0, 1]
(Löwner–Heinz inequality). (3)
(i)
An(A1/n − I )− (A− I )
n(A1/n − I )n(A1/n − I ) (-1)
= An(A
1/n − I )− (A1/n − I )(A1−1/n + A1−2/n + · · · + A1/n + I )
n(A1/n − I )n(A1/n − I )
(by (1))
= (A− A
1−1/n)+ (A− A1−2/n)+ · · · + (A− A1−n/n)
n(A1/n − I )n
= (A
1/n − I )
n2(A1/n − I )
{
A1−1/n + (A1−1/n + A1−2/n)
+ · · · + (A1−1/n + A1−2/n + A1−3/n + · · · + A1−n/n)
}
(by (1))
= 1
n2
{
A1−1/n + (A1−1/n + A1−2/n)
+ · · · + (A1−1/n + A1−2/n + A1−3/n + · · · + A1−n/n)
}
(-2)
 1
n2
{
B1−1/n + (B1−1/n + B1−2/n)
+ · · · + (B1−1/n + B1−2/n + B1−3/n + · · · + B1−n/n)
}
(by (3))
= Bn(B
1/n − I )− (B − I )
n(B1/n − I )n(B1/n − I )
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the last equality follows from replacing A by B in (-1) and (-2), tending n to ∞, so
we obtain (i) by Eq. (2).
(ii)
An(A1/n − I )n(A1/n − I )
An(A1/n − I )− (A− I ) (-3)
= An(A
1/n − I )n(A1/n − I )
An(A1/n − I )− (A1/n − I )(A1−1/n + A1−2/n + · · · + A1/n + I )
(by (1))
= An(A
1/n − I )n
(A− A1−1/n)+ (A− A1−2/n)+ · · · + (A− A1−n/n)
=An(A1/n − I )n
/
(A1/n − I )
{
A1−1/n + (A1−1/n + A1−2/n)
+ · · · + (A1−1/n + A1−2/n + A1−3/n
+ · · · + A1−n/n)
}
(by (1))
=n2A
/{
A1−1/n + (A1−1/n + A1−2/n)
+ · · · + (A1−1/n + A1−2/n + A1−3/n + · · · + A1−n/n)
}
=n2
/{
A−1/n + (A−1/n + A−2/n)
+ · · · + (A−1/n + A−2/n + A−3/n + · · · + A−n/n)
}
(-4)
n2
/{
B−1/n + (B−1/n + B−2/n)
+ · · · + (B−1/n + B−2/n + B−3/n + · · · + B−n/n)
}
(by (3))
= Bn(B
1/n − I )n(B1/n − I )
Bn(B1/n − I )− (B − I )
the last equality follows from replacing A by B in Eqs. (-3) and (-4), tending n to
∞, so we obtain (ii) by Eq. (2). 
Remark 1. It is well known that (i) is equivalent to (ii) in Theorem A. In fact, let f (t)
be a continuous positive function such that (0,∞)→ (0,∞). Although f (t) is an
operator monotone function if and only if f ∗(t) = t/f (t) is an operator monotone
function (for example, [5, Corollary 2.6] and [6, Theorem 2]), here we state direct
and elementary proofs of Eqs. (f) and (f*) without use of the Löwner theorem.
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3. AsB and strictly chaotic order logA > logB
Let A and B be strictly positive operators such that 1 
∈ σ(A), σ (B). We shall
show the followimg result by using the method used in [3,4]:
logA > logB ⇒ there exists β ∈ ]0, 1] such that f (Aα) > f (Bα) holds
for all α ∈ ]0, β[. (∗)
By using the result (∗), we summarize the following interesting contrast between
A > B > 0 and A  B > 0.
A > B > 0 ⇒ there exists β ∈ ]0, 1] such that f (Aα) > f (Bα) holds
for all α ∈ ]0, β[. (†-i)
A  B > 0 ⇒ f (Aα)  f (Bα) for all α ∈ ]0, 1]. (†-ii)
Lemma 1. Let A and B be self-adjoint operators on a Hilbert space H. If A > B,
then there exists β ∈ ]0, 1] such that the following inequality holds for all α ∈ ]0, β[:
g(αA) > g(αB),
where
g(t) = te
t − et + 1
t2
for positive real number t.
Proof. g(t) can be rewritten as follows:
g(t)= 1
t2
{
t
(
1+ t + t
2
2! +
t3
3! + . . .
)
−
(
1+ t + t
2
2! +
t3
3! + . . .
)
+ 1
}
=
(
1− 1
2!
)
+
(
1
2! −
1
3!
)
t +
(
1
3! −
1
4!
)
t2 + · · ·
There exists ε such that A− B  ε > 0. Choose α and β such that
0 < α < min
{
ε
3
(
e‖A‖
‖A‖ +
e‖B‖
‖B‖
)−1
, 1
}
= β. (4)
By an easy calculation, we obtain
g(αA)− g(αB)
=
(
1
2! −
1
3!
)
(A− B)α +
(
1
3! −
1
4!
)
(A2 − B2)α2
+
(
1
4! −
1
5!
)
(A3 − B3)α3 + · · ·
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= α
{(
1
2! −
1
3!
)
(A− B)+
(
1
3! −
1
4!
)
(A2 − B2)α
+
(
1
4! −
1
5!
)
(A3 − B3)α2 + · · ·
}
 α
{(
1
2! −
1
3!
)
εI −
(
1
3! −
1
4!
)
‖A2 − B2‖α
−
(
1
4! −
1
5!
)
‖A3 − B3‖α2 + · · ·
}
 α
{
1
3
εI − α
[
1
3! (‖A‖
2 + ‖B‖2)+ 1
4! (‖A‖
3 + ‖B‖3)+ · · ·
]}
 α
{
1
3
εI − α
(
e‖A‖
‖A‖ +
e‖B‖
‖B‖
)}
> 0 (by (4)),
so the proof is complete. 
Theorem 1. Let A and B be strictly positive operators on a Hilbert space H such
that 1 
∈ σ(A), σ (B). If logA > logB, then there exists β ∈ ]0, 1] such that the
following inequality holds for all α ∈]0, β[:
f (Aα) > f (Bα), (∗)
where
f (t) = t log t − t + 1
log2t
for positive real number t.
Proof. We have only to replace A by logA and also B by logB respectively in
Lemma 1. 
Corollary 2. Let A and B be strictly positive operators such that 1 
∈ σ(A), σ (B).
Then
A > B > 0 ⇒ there exists β ∈]0, 1] such that f (Aα) > f (Bα) holds
for all α ∈ ]0, β[. (†-i)
A  B > 0 ⇒ f (Aα)  f (Bα) for all α ∈ ]0, 1]. (†-ii)
In Corollary 2, it is interesting to point out the contrast between A > B > 0 and
A  B > 0.
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Proof of Corollary 2. (i) We cite the following obvious and fundamental result:
If A > B > 0, then logA > logB. (5)
In fact if A > B > 0, then A  B + ε > B for some ε > 0, so that logA 
log(B + ε) > logB, i.e., Eq. (5) holds. Eq. (†-i) follows from Eq. (5) and
Theorem 1.
(ii) If A  B > 0, then Aα  Bα for all α ∈]0, 1] by Löwner–Heinz inequality
and (†-ii) follows from the result that the function f (t) is an operator monotone
function by Theorem A, i.e., f (Aα)  f (Bα) for all α ∈]0, 1], so we have (†-ii).

4. There exist stritly positive operators A and B such that logA  logB, but
f (Aα)  f (Bα) does not hold for any α > 0
Related to Theorem 1, we consider the following problem:
(Q1) “Does logA  logB ensure that there exists an α > 0 such that f (Aα) 
f (Bα)?”
In fact, we cite a counterexample to (Q1) as follows.
Example 1. Take A and B as follows:
logA =
(
2 2
2 −1
)
and logB =
(
1 0
0 −5
)
.
Then logA  logB holds , but
f (Aα)  f (Bα) does not hold for any α > 0. (A-1)
In fact, logA is diagonalized by
U = 1√
5
(−1 2
2 1
)
as follows:
U(logA)U =
(−2 0
0 3
)
and UAU =
(
e−2 0
0 e3
)
so that we have
Aα = U
(
e−2α 0
0 e3α
)
U and Bα =
(
eα 0
0 e−5α
)
.
By an easy calculation, we have
F(α)=det
(
Aα logAα − Aα + I
log2Aα
− B
α logBα − Bα + I
log2Bα
)
= 1
α2
∣∣∣∣M11 M12M12 M22
∣∣∣∣ ,
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where M11,M12 and M22 are as follows:
M11 = 3136 +
1
20e2α
− eα + 4e
3α
45
+ α
10e2α
+ αeα − 4αe
3α
15
,
M12 = −9+ 5e
2α + 4e5α − 18α − 12αe5α
90e2α
and
M22 = −41225 −
1
25e5α
+ 1
5e2α
+ e
3α
45
− α
5e5α
+ 2α
5e2α
− αe
3α
15
.
By somewhat elaborate calculation, we obtain
F(α) = −(e
α − 1)2
4500α2e7α
G(α), (6)
where G(α) can be expressed as follows by using G1(α), G2(α) and G3(α):
G(α) = G1(α)+G2(α)α +G3(α)α2 (7)
and moreover G1(α), G2(α) and G3(α) can be written as follows:
G1(α)=9+ 18eα + 182e2α + 166e3α + 150e4α − 634e5α − 518e6α
+318e7α + 209e8α + 100e9α,
G2(α)=63+ 126eα + 964e2α + 1082e3α + 1200e4α − 218e5α − 736e6α
−1254e7α − 827e8α − 400e9α
and
G3(α)=90+ 180eα + 270e2α + 1260e3α + 2250e4α + 3000e5α + 1950e6α
+900e7α + 600e8α + 300e9α.
By an easy and dull calculation,
G(0) = 0, G(1)(0) = G(2)(0) = G(3)(0) = G(4)(0) = G(5)(0) = 0, (8a)
G(6)(0) > 0, G(7)(0) > 0, G(8)(0) > 0, (8b)
G(9)(0) > 0, G(10)(0) > 0. (8c)
Moreover G(11)(α) can be expressed as follows:
G(11)(α) = 2eαH1(α)+H2(α)α +H3(α)α2, (9)
where H1(α), H2(α) and H3(α) are as follows (we omit these detailed calculations):
H1(α) > 0 for any α > 0, (10a)
H2(α) > 0 for any α > 0, (10b)
H3(α) > 0 for any α > 0. (10c)
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Then we have
G(11)(α) = 2eαH1(α)+H2(α)α +H3(α)α2 > 0 for any α > 0 (11)
by Eqs. (9) and (10a)–(10c). Therefore we have
G(α) > 0 for any α > 0 (12)
by Eqs. (8a)–(8c) and (11) so that F(α) < 0 by Eqs. (6) and (12). Whence so the
proof of Eq. (A-1) is complete.
In [2], there is a nice example such that logA  logB but Aα  Bα does not hold
for any α > 0. Related results to Theorem 1 are in [1, 3, 4].
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